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Stress-Strain Relations for Materials with Different
Moduli in Tension and Compression

Robert M. Jones*
Southern Methodist University, Dallas, Texas

Models in the form of stress-strain, or constitutive, relations are discussed for materials with moduli under
tensile loading which are different from those under compressive loading. Criteria for consistent material models
are given which are based on the principles of anisotropic elasticity and on the known behavior of such
materials. The Ambartsumyan material model is compared with the criteria and found to violate the requirement
of symmetric compliances. An improved model, called the weighted compliance matrix (WCM) material model,
is shown to satisfy the criteria for isotropic and orthotropic bodies under plane stress. The new model can be ex-
tended by deduction to more complicated situations such as anisotropic bodies under general stress states.

Nomenclature

E =Young’s modulus

E, =Young’s modulus in compression (Fig. 1)

E, =Young’s modulus in tension (Fig. 1)

E* =Young’s modulus at 45° to principal material direc-
tions

G, =shearing modulus [Eq. (4)]

G, =shearing modulus in the principal material direc-
tions

k,,k, =weighting factorsin compliance matrix [Eq. (13)]

Sy =compliances in strain-stress relations [Eq. (2)]

v = Poisson’s ratio

Ymn =Poisson’s ratio for contraction (expansion) in the n
direction due to extension (compression) in the m
direction

Subscripts

m,n =principal material directions

c =compression

D.q =principal stress directions

t =tension

tc =abbreviation for tension or compression, as ap-
propriate

Superscripts

rq =principal stress coordinates

mn = principal material coordinates

Xy =arbitrary coordinates at angle « from principal
stress coordinates (Fig. 5)

45 =at 45° to principal material directions

Introduction

OMPOSITE materials are receiving increasing attention
in structural applications because of important weight
savings. The weight savings are a result of the combination of
a light, weak, and flexible matrix material with a very strong
and stiff reinforcing material in the form of fibers or
granules. The resulting composite material is light, yet
strong and stiff.
Fiber-reinforced composite materials are used in a wide
variety of applications, ranging from laminated aircraft wings
to golf club shafts. Granular composite materials are used in
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re-entry vehicle nose tips, nuclear reactor control rods, etc.
Incidentally, with the current energy crisis, accurate stress
analysis of reactor ~control rods is essential to an un-
derstanding of their behavior in order to prevent failures.
Otherwise, further repetition of control rod failures with sub-
sequent reactor shutdowns will prevent nuclear energy sources
from attaining their obviously needed potential. Accurate
stress analysis is no less essential in most other applications of
composite materials.

One of the important characteristics of composite materials
is that they often exhibit different moduli or stiffnesses under
tensile loading than under compressive loading. This charac-
teristic behavior is shown schematically in the stress-strain
curve of Fig. 1. Both fiber-reinforced and granular composite
materials have different moduli in tension and compression as
displayed in Table 1. Unidirectional glass fibers in an epoxy
matrix have compression moduli 20% lower than the tension
moduli.!’ For some unidirectional boron/epoxy fiber-
reinforced laminae, the compression moduli are about 15-
20% larger than the tension moduli.? In contrast, some
unidirectional graphite/epoxy fiber-reinforced laminae have
tension moduli up to 40% greater than the compression
moduli.? Other fiber-reinforced composites such as car-
bon/carbon have tension moduli from two to five times the
compression moduli. * Thus, no clear pattern of larger tension
than compression moduli or vice versa exists for fiber-
reinforced composite materials. A plausible physical ex-
planation for this puzzling circumstance has yet to be made.
For granular composite materials, the picture is no clearer.
ZTA graphite has tension moduli as much as 20% lower than
the compression moduli. * On the other hand, ATJ-S graphite
has tension moduli as much as 20% more than the com-
pression moduli. ’

Many materials have different tension and compression
moduli. Which modulus is higher may depend on the fiber or
granule stiffness relative to the matrix stiffness. Such a
relationship would influence whether the fibers or granules
tend to contact and thereby stiffen the composite. Or, the in-
dividual fibers could buckle, leading to a less stiff composite.
A general physical explanation of the reasons for different
behavior in tension and compression is not yet available. In-
vestigafion of the micromechanical behavioral aspects of
composite materials may lead to a rational explanation of this
phenomenon. Until such an explanation is available, the ap-
parent behavior can be used in analyzing the stress-strain
behavior of materials. Thus, even without knowing why the
materials behave as they do, we can model their apparent
behavior.

Actual stress-strain behavior is not as simple as shown in
Fig. 1. Instead, a nonlinear transition region may exist be-
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Table 1 Tension and compression moduli relationships for
several common composite materials

Fibrous Representative
or moduli

Material granular relationship
Glass/epoxy Fibrous E, =1.25E,
Boron/epoxy Fibrous E.=1.2E,
Graphite/epoxy Fibrous E,=14E,
Carbon/carbon Fibrous E, =2-5E,
ZTA graphite Granular E.=1.2E,
ATJ-S graphite Granular E, =1.2E,
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E

Fig. 1 Stress-strain
curve for a material
with different

moduli in tension €
and compression.
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tween the tension and compression linear portions of the
stress-strain curve.® The measurement of strains near zero
stress is difficult to perform accurately, but the stress-strain
behavior might be as shown in Fig. 2, where replacement of
the actual behavior by the bilinear model is offered as a sim-
plification of the obviously nonlinear behavior. For most
materials, the mechanical property data are insufficient to
justify use of a more complex material model. One possible
disadvantage of the bilinear stress-strain curve approximation
is that a discontinuity in slope (modulus) occurs at the origin
of the stress-strain curve.

Given that the uniaxial stress-strain behavior is ap-
proximated by a bilinear representation, the definition
remains of the actual multiaxial stress-strain, or constitutive,
relations that are required in structural analysis. Over the past
10 years, Ambartsumyan and his co-workers,”!! in the
process of obtaining solutions for stress analysis of shells and
bodies of revolution, defined a set of stress-strain relations
which will be referred to herein .as the Ambartsumyan
material model.t Tabaddor'? elaborated somewhat on the

tThe reader is cautioned that the Russian word ‘‘soprotivlenie’’ of-
ten is translated incorrectly in the context of the present topic as
“strength’” rather than its proper meaning of “‘stiffness’’ or ‘‘resis-
tance.”” This situation is quite unfortunate for those individuals who
must select key words carefully in literature searches in order to avoid
being overwhelmed by information; i.e., they are very likely to miss
papers on the present topic.
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Ambartsumyan material model. Jones'? applied the model to
the problem of buckling under biaxial loading of circular
cylindrical shells made of an isotropic material. However, in
application of the Ambartsumyan material model to or-
thotropic materials, certain characteristics, such as a non-
symmetric compliance matrix in the stress-strain relations, !
are apparent.

In the present paper, criteria are established for a consistent
material model. The criteria are based on the concepts of
anisotropic elasticity and on the known behavior of materials
with different tension and compression moduli. An improved
material model, in the form of consistent stress-strain
relations, is then defined. Both the Ambartsumyan material
model and the author’s improved material model, called the
weighted compliance matrix (WCM) model, are illustrated for
isotropic and orthotropic materials under plane stress. Other
more general stress cases and more general materials, such as
anisotropic materials, can be treated by deduction.

Criteria for Consistent Material Model
A material model is defined by its stress-strain relations or,
alternatively, strain-stress relations. For example, consider
the strain-stress relations in principal stress (p-g) coordinates
for an orthotropic material under a condition of plane stress

e, =870, +Sffa, (1a)
e, =8%0,+ 5%, (1b)
Ypg=SEf0,+ Sk, (1¢)

(Notation for compliances of three-dimensional stress-strain
relations, i.e., subscripts from 1 to 6, is used in accordance
with conventional composite materials terminology. '*) Note
that, because of the nonalignment of principal stress (p-q)
coordinates with principal material (m-n) coordinates, v, is
not zero. That is, principal strain directions generally do not
coincide with principal stress directions for an orthotropic
material. The choice of the values of the compliances, S, in
Eq. (1) {or, alternatively, the stiffnesses C;; in the inverse of
Eq. (1), the stress-strain relations] constitutes the definition
of the mathematical model for the material under con-
sideration. We will find that an equivalent orthotropic
material will be defined for isotropic materials with different
moduli in tension and compression. Moreover, an equivalent
anisotropic material will be defined for multimodulus or-
thotropic materials. (The term ‘“‘multimodulus’’ is used as an
abbreviation for different moduli in tension and com-
pression.)

A material model must satisfy certain criteria in order to be
called consistent. These criteria are based on the concepts of
anisotropic elasticity and on the known behavior of materials
with different tension and compression moduli. Specifically,
the strain-stress relations must satisfy the following criteria:

1) The compliances S; and the moduli (stiffnesses) must be
symmetric in principal material coordinates and in all other
coordinate systems in order for the strain energy to be positive
definite (so that energy is not created under deformation), and
therefore a potential function exists. '°

2) The values of the compliances are restricted in relation to
one another such that the compliance matrix is positive
definite. *

3) The value of the compliances must depend on the
multiaxial principal stress state.

4) The shear modulus for an orthotropic material with dif-
ferent moduli in tension and compression must have different
values upon imposition of shear stresses of opposite sign in
coordinates other than the principal material directions.

S) The compliances and moduli for multimodulus or-
thotropic materials must reduce properly to those for
multimodulus isotropic materials upon equating properties in
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principal material directions. Moreover, the compliances and
moduli for multimodulus isotropic materials must reduce to
those for ordinary isotropic materiais upon equating proper-
ties in tension and compression.

The imposition of symmetry on the compliance matrix
(criterion 1) has an obvious impact on the form of the
material property constants (although this condition is not
met easily in a rigorous manner).. However, the associated
positive-definiteness of the strain energy (criterion 2) is shown
by Lempriere' to lead to several nonobvious conditions on
the acceptable Poisson’s ratios. Moreover, criteria 1 and 2
lead to the conclusion that not all tension and compression
properties for multimodulus materials are independent. This
conclusion follows from the observation that the contraction
in the y-direction due to a tensile load in the x-direction must
be affected by the compressive stiffness in the y-direction.
That is, the directional interaction, or cross-compliance,
terms must in some manner be dependent even though the
direct terms such as moduli are independent.

The multiaxial stress state in criterion 3 is essential for
description of the basic problem of mixed states of tensile and
compressive stress. Moreover, the merit of using principal
stresses is that the strain-stress relations are simpler in prin-
cipal stress coordinates than in any other coordinates. Prin-
cipal stresses have a special meaning for isotropic materials,
especially in failure calculations, since no principal material
directions exist. However, for orthotropic materials, principal
material directions are all-important, and principal stress
directions ordinarily have no significance. (They are, in fact,
immaterial in failure calculations.) Our use of principal
stresses is a unique exception, as we will understand later.

Criterion 4, about different shear moduli when the shear
stress is reversed, can best be explained with the aid of
sketches of shear stresses -and their associated principal
stresses. When a positive or negative shear stress is applied in
principal material directions to a unidirectionally reinforced
lamina, the corresponding principal stress states are mirror
images of one another as in Fig. 3. Hence, the apparent shear
modulus is independent of shear stress sign. However, if a
positive or negative shear stress is applied at any other angle,
say 45° , to the principal material directions, then the
corresponding principal stresses are not alike. The normal
stresses in Fig. 4 are of opposite signs on the fibers. There, for
positive shear stress, tensile stresses result in the fiber direc-
tion, and compressive stresses arise perpendicular to the
fibers. For negative shear stress, compressive stresses exist in
the fiber direction and tensile stresses transverse to the fibers.
However, the moduli are different in tension than in com-
pression. Thus, the deformations and hence the apparent
shear moduli are different under positive and negative shear
stress in other than principal material directions.

Criterion S, about reduction to simpler classes of materials,
is an obvious requirement for all multimodulus models. This
criterion is what leads to the consistent use of principal stress
coordinates for both isotropic and orthotropic multimodulus
models. If principal material directions were used for an or-
thotropic multimodulus model, then that model would not
reduce to an isotropic model because principal material direc-
tions do not exist for isotropic materials even if they are
multimodulus. Thus, the only alternative is used: principal
stress directions that are defined for both materials.

In the sections that follow, the Ambartsumyan material
model will be compared with the preceding criteria and found
to be unsatisfactory. An improved material model for which
the criteria are satisfied then is suggested. Finally, the two
material models are compared for a realistic material under a
simple state of plane stress.

Ambartsumyan Material Model
Ambartsumyan’ developed a set of stress-strain relations
for isotropic materials with different moduli in tension and
compression. Those stress-strain relations will be referred to
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Fig. 3 Positive and negative shear stress in principal material direc-
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Fig. 4 Positive and negative shear stress at 45° to principal material
directions.
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as the Ambartsumyan material model. Over the past 10 years,
Ambartsumyan and his associates further developed the
model and applied it to elasticity and shell problems. ’!!

For an isotropic body under plane stress, the Am-
bartsumyan strain-stress relations in principal stress coor-
dinates are

e, =Sffo,+S8%o, €;=8%0,+S5%0, )

where the compliances $f7 are related to the technical con-
stants (the elastic moduli and Poisson’s ratios) as follows:

if o,>0and g,>0:
Sh{=1/E,,S%=85{=—v,/E,,S5I=1/E, (3a)
if o,<0and o,<0:
SE{=1/E.,S81I=S5= —v./E,S%=1/E. (3b)
if 6,>0and 0,<0:
S#9=1/E,,S?=—v./E.,S5=—v,/E,,S3=1/E. (3¢)
if o,<0and ¢,>0:
SH=1/E.,S¥=—v,/E,S5{=—v./E,S5=1/E, (3d)
Thus, andisotropic multimodulus material is effectively an or-
thotropic material.
The strain-stress relations in Eq. (2) can easily be inverted
to obtain stress-strain relations. The relations can be rotated
to nonprincipal stress coordinates and in that case must be

supplemented by a shear stress - shear strain relation wherein
the shear modulus is
'3 -1
]} @
p—0qg

Go={2| (sp7-s19
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Note that G,. depends on the principal stresses g, and o, and
on the compliances 9, which in turn depend on the principal
stresses. If o, =0, then Sff = S%4, and Eq. (4) reduces to the
usual isotropic result:

G=1[2(S5—S8%)1"" 5)

Note that, for every case in Eq. (3), the compliances $7¢ in
the two-dimensional stress-strain relations are determined on
the basis of the signs of the one-dimensional stresses. This
situation leads to the requirement

vE, =vE, (6)

That is, a reciprocal relation must be satisfied so that the com-
pliance matrix is symmetric (recall the discussion in the
preceding section). Ambartsumyan masks some inherent
shear coupling in nonprincipal stress coordinates by using just
G,.. That is, G,. is not constant in all coordinates but changes
as for any orthotropic material. Furthermore, the artificial
assignment of the value of cross-compliances (S74 and S47) on
the basis of one-dimensional stresses will be shown not to be
extendable to the treatment of orthotropic materials.

For an orthotropic body under plane stress, the Am-
bartsumyan strain-stress relations in principal stress coor-
dinates are !

€, =870, + 8790, (7a)
€q=35850,+ S50, (7b)
Ypg=Skfo, + S50, (7¢)

where the §27 [the compliances in principal stress (p-q) coor-
dinates] take on different values depending on the signs of the
principal stresses according to

if 0,>0and 0,>0: §2%=S%9 (8a)

if 0,<0and 0,<0: S79=574 (8b)

ye
if 0,>0and 0,<0: 549,574,551, 553, 551, 53 (8¢9
ifo,<0and 0,>0: S%9.,57%.55%]., 553, S4%.. 553 (8d)

Thus, an orthotropic multimodulus material is effectively
an anisotropic material. The S77and S5¢ are related to the
S and S/ [the compliances in principal material (m-n)
coordinates}] by the usual transformations of anisotropic
elasticity: '

87 =STiiecos*B+ (2S5 + S§y) sin?Bcos*B + Sy.sin* B

(92)
S§P5e = Sitic + (SiTi + STz — 2815 — S5 ) sin’BeosB (9b)
S8fie = S3tie + (Sific + S5 — 2837 — S§ic ) sin*BeosB (%)

889, =S7nsin*B+ (2S5 + SZL)sin2Bcos 2B + STY.cos B
(9d)

829 = [SHLsin?8 — S7Lcos2B+ V2 (287 + 2 Y cos2B]sin2B
(%)

Sthe = [SHricos® B —STisinB— V5 (28T + g4 ) cos2B]sin2B
of)

where the subscript fc denotes either ¢ or ¢ as appropriate, 3 is
the angle between principal stress (p-q) directions and prin-
cipal material (m-n) directions (see Fig. 5), and the Sjic are re-
lated to the usual engineering constants by

STlte=1/E pmee (10a)
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mn — Qmn —_
S[2I(‘ - SZII(‘ - mec/Emml(' - Vnmtc/Ennl(' (IOb)

Sﬁg'lc = I/Erm/(' (IOC)
Sé”é?{' = I/G/”I”(' (lod)
where v,,,, = —€,/¢, for o, =0, and all other stresses are

zero. There are apparently eight independent material proper-
ties in Eq. (10), three in tension, three in compression, and
two in shear.

Note in Eq. (7) that v,,=0; hence, the principal stress
directions do not coincide with principal strain directions.
Also, Ambartsumyan assigns the cross-compliances $74 and
S#87 on the basis of the signs of ¢, and g, respectively, without
requiring that $7=S%7. Even if symmetry is enforced in the
m-n system, the compliances are not symmetric in any other
coordinate system. That is, from the form of the trans-
formation of S%4 in Eq. (9), S,,, obviously cannot, in general
(i.e., under any rotation whatsoever), be equal to §,,. without
imposing the overly restrictive and physically improbable
relations between the orthotropic material properties
suggested by Isabekian and Khachatryan.'® Thus, the
requirement of symmetry of compliances set forth in the
preceding section are not met. This point is illustrated in Fig.
6, where the distance from the origin is a measure of the value
of the compliance under consideration. (The value changes as
the stresses change sign.) The compliance Sf]q changes value
abruptly as o, changes from positive to negative. The com-
pliances S;, and S;,; are equal in the tension-tension and com-
pression-compression quadrants but are not equal in the
mixed tension and compression quadrants. For isotropic
materials, Ambartsumyan makes the circles coincide by im-
posing the condition that v./E.=v,/E,. However, for or-
thotropic materials, no such stipulation is made, and so the
cross-compliances are not symmetric. :

Ambartsumyan'' and Tabaddor'? use the Ambartsumyan
material model to show that an orthotropic body does exhibit
different shear moduli when the sign of the shear stress at 45°
to the principal material coordinates is reversed, as in Fig. 4.
Note that the shear compliance S/ is not necessary because it
vanishes in all transformations of strains from principal stress
coordinates to any other coordinate system. !’

In summary, the Ambartsumyan material model does not
satisfy the criteria for a consistent material model, since the
compliances are not symmetric. The principal reason for the
asymmetry is that one-dimensional stresses are used to define
compliance values in what is actually a two-dimensional stress
state. Not all criteria are investigated, since one is violated.
However, the apparent shear modulus at 45° to principal
material directions for an orthotropic material with different
moduli in tension and compression does take on different
values under shear stresses of opposite sign. The values of the
cross-compliances are assigned more reasonably on the basis

Fig. 5 Relation of material orthotropy te principal stress and body
coordinates.
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Fig. 6 Compliances in the Ambartsumyan material model.

of the two-dimensional stress state, and that is the key element
of the improved material model proposed in the next section.

Weighted Compliance Matrix Material Model

The object of this section is to present an improved model
for materials with different moduli in tension and com-
pression which satisfies the criteria for a consistent material
model. First, stress-strain relations for an isotropic material
will be discussed, followed by those for an orthotropic
material.

For a body under plane stress, the strain-stress relations

€,=S7fo,+ S0, €,=S5%%0,+S%0, (11)

in principal stress coordinates are proposed for materials that
are isotropic under all-tension or all-compression stress fields.
The compliances S are related to the elastic moduli and
Poisson’s ratios as follows:

if 6,>0and ¢,>0: S{/=1/E,S{§= —v,/E, S§§=1/E,
(12a)

if 0,<0 and 0, <0: S§9=1/E,,8¢i= —p./E,,S8=1/E.
(12b)

if ,>0 and ¢,<0:
SPi=1/E,ST§= —k,v,/E,~k,v /E.,S5=1/E, (12¢)

if o,<0and 0,>0:
S¥=1/E.,S7= —k,v./E .~k v, /E,S¥=1/E, (12d)

where

lo,! lo, !

lo,1 + 10,1 oyl +1a,l

k, (13)

The weighting factors &, and k, could be chosen as some
other function of the principal stresses. Full qualification of
the form of the weighting factors awaits definitive ex-
perimental work. At any rate, unlike the Ambartsumyan
material model, the compliance matrix is forced to be sym-
metric without imposing any artificial reciprocal relation be-
tween tension and compression properties. The typical
resulting variation of compliances with changing principal
stresses is illustrated in Fig. 7, wherein the distance from the
origin is a measure of the value of the compliance. Note in
Fig. 7 how, in contrast to the Ambartsumyan material model,
the cross-compliance S always has continuous values as the
principal stresses change in proportion to each other.
However, the slope of the cross-compliance curve is not con-
tinuous. Although difficult to detect in a polar plot, S7¢ varies
linearly with stress ratio from the all-tension value to the all-
compression value. A smoothly varying (i.e., with continuous
slope) §7 would require a weighting function different from
that in Eq. (12).

Fig. 7 Compliances in the weighted compliance matrix material
model.

The strain-stress relations in Eq. (11) supplemented by the
compliance definitions in Eq. (12) are used to define the im-
proved material model (i.e., an equivalent orthotropic
material) for isotropic materials that exhibit different moduli
in tension and compression. Recall that SZ¢ does not appear in
the results of strain transformation from principal stress coor-
dinates to any other coordinates. This improved material
model includes as a subset the Ambartsumyan model for
isotropic materials wherein »,/E,=v./E.. Thus, should a
material be found that satisfies the rather restrictive Am-
bartsumyan behavior, that material can be treated directly
with the improved material model.

The weighted compliance matrix model obviously satisfies
the first criterion of a symmetric compliance matrix, the third
criterion of compliance dependence on the biaxial principal
stress state, and the fifth criterion of proper reduction to an
ordinary isotropic material. The fourth criterion is not ap-
plicable to isotropic materials. Investigation of criterion 2 has
thus far not been fruitful. For ordinary orthotropic materials,
Lempriere!® derives relationships that are bounds on the
behavior of some elastic constants in terms of the values of
the other constants. That is, only inequalities are obtained
(which, of course, cannot lead to deterministic relations bet-
ween the elastic constants).

For a body under plane stress, the following strain-stress
relations in principal stress (p-q) coordinates are proposed for
orthotropic materials that exhibit different moduli in tension
and compression:

¢, =Sffo,+Sio, (14a)

€q=SPa, + S840, (14b)
Y pg=SElo, +SEho (14c)

As in the Ambartsumyan model for orthotropic materials, the
principal stress directions do not coincide with the principal
strain directions. The compliances S7?are assigned according
to

if 0,>0 and o, >0: §27 = §7¢ (15a)

if 0,<0and o,<0: S[PJ_‘? ZSZZ (15b)
if 0,>0 and o, <0: S7/=S77,879=k,S7, + k,S7%.,

S8§= 854, S8/ = S, S69= SE% (15¢)
if 0,<04dnd 0,>0: S¢/=S7.,S¢9=k,S?4. +k,S4,

S89= 584, 7= SE4, SE9= S, (15d)
where &, and &, are defined in Eq. (13).

For the cross-compliance S¥4, two stresses must be used in
the weighting procedure; e.g., if 6, >0and ¢, <0, then

S79=k,ST5 +k,S75, (16)
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where both k, and k, involve ¢, and o,. Even in a three-
dimensional stress state, there are at most two stresses that af-
fect the value of a cross-compliance. The modifier ‘‘at most™’
is used because the value of $%7 seems reasonably chosen sole-
ly on the basis of the signof o, i.e.,

if 0,>0, Sg7=S%4; if 0, <0, SpF=SpY, (17)

since the other stress, the shear stress, is zero by definition.
The cross-compliance S is determined similarly.

The compliances Sf7and S%¢ in the principal stress (p-q)
coordinates are related to the compliances /" and S7"in the
principal material (m-n) coordinates by the usual trans-
formation equations of anisotropic elasticity given in Eq. (9).
The compliances in principal material coordinates are related
to the usual engineering constants by Eq. (10). However, the
compliances S§fand S§7 (1/G,,,. and 1/G,,,,, respectively)
cannot be measured in a shear test on an orthotropic material
with different moduli in tension and compression since one
principal stress is tension and the other is compression. In-
stead, in accordance with a suggestion by Tsai, '* the tension
modulus at 45° to the principal material axes, E¥, is
measured, and S§3} is obtained from

Smn_ 1 —_ 4 < 1 + 1 2"mm) (18)
661 Gmm B E;‘j Emm! Enm Emmt

A similar relation is used to define S77 when E%’ is known.

Symmetry of the compliance matrix "is obtained by
assigning $79=S%7 on the basis of the biaxial stress state.
Thus, the most obvious objections to the Ambartsumyan
material model are not present in this improved material
model. In principal material coordinates, the anisotropic
material is characterized by compliances that are, of course,
symmetrical. In any other coordinate system, the matrix of
compliances rotated from that given in Eq. (15) is symmetric
as well because symmetry is preserved under rotation.

In the body (x-y) coordinates, the Sj”are obtained from the
529y use of the transformations, 4

S¥=S8cos*w+ (25294 $£9) sin’w cos’w
+S88%in*w— (SZcos’w + s sin’w)sin2ew (19a)
SP3=S§9+ (S§I+S§9— 2579— S£9) sinw cos’w
— V2 (S%9—S&7) sin2wc0§2w (19b)
— [S%9sin?w — S2cos’w + V4 (2S79+ S89) cos2w] sin2w

+ SZfcos?w(cos?w—3sin’w) + S2%sinw (3cos?w — sin’w)
(19¢)

= SF¥sinw+ (25994 S29) sin’wcos 2w
+88cos *w+ (SFfsin’w + SFYcos w) sin2w (19d)
S = — [S§cos’w— SP¥sin?w— V4 (28894 §£9) cos2w] sinlw

+827sinw (3cos?w—sin’w) + SPYcos 2w (cos 2w — 3sin’w)
(19¢)

S5 =S8+ 4(SP7+ S89— 2589 — S29)sinwcosiw
—2(S8—S§f)sin2w cos2w (191)

The only useful purpose for the $§is to calculate strains that
are unaffected by the value of SZ4. ' Thus, the value of SZ
Eq. (19) is immaterial and hence arbitrary even though dif-
ferent compliances S} then can be obtained.

The WCM material model can be shown to exhibit different
shear moduli when the sign of the shear stress at 45° to prin-
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cipal material directions is reversed. This behavior is ap-
parently in accordance with the known fact that composite
material shear strengths are different when the shear stress is
reversed. '> However, part of the reason that the strengths are
different must be assumed to be the same reason that the stiff-
nesses or moduli are different. To demonstrate that the im-
proved material model indeed does exhibit this behavior, con-
sider the cases of ‘‘positive’” and ‘‘negative’’ shear stress at
45° to principal material directions in Fig. 4. The compliances
in the principal stress state for the ‘“‘positive’’ shear stress
problem are |

S77=STT, St= V2 (ST + S7%)
S89=S3x, SE/=0, S§i=0 (20)

At 45° to the principal stress and principal material coor-
dinates, pure shear stress exists and, from Eq. (19),

5% =Spi+S85— 2879 @n

Note that S£ identically vanishes from the calculation to get
Eq. (21). The shear modulus is the inverse of S  and can be

expressed in terms of the S/ through use of Eq. (20) as

G = (Syyi+ S5 — S-Sy ! 22

- The compliances in the principal stress state for the

‘“‘negative’’ shear stress problem are
S§7=Siic, SI="2 (S5 +S15)

SFi=833, Sgi=0, S§1=0 (23)

Thus, upon substitution of Eq. (23) in Eq. (21),

GE = (STi+ Sy —Sp—Spn) ~! (24)
Finally, upon comparison of G,*" with G.*", we see that the
WCM material model obviously has different shear moduli
when the sign of the shear stress is reversed in coordinates at
45° to principal material directions.

The weighted compliance matrix material model has been
demonstrated to satisfy criteria 1 and 3-5 for a consistent
material model, but criterion 2 has not led to useful results.
That is, the compliance matrix is symmetric, dependent on the
biaxial stress state, and reduces properly to single modulus
materials. In addition, for orthotropic materials, the apparent
shear modulus takes on different values when the sign of the
shear stress is reversed.

Comparison of Material Models

The Ambartsumyan and weighted compliance matrix
material models are compared for a simple state of plane
stress on an isotropic material for which »,/E, is not equal to
v./E.. This condition is treated easily with the WCM model
but can only be approximated with the Ambartsumyan
model. However, this comparison is fair because real
materials generally do not satisfy the Ambartsumyan
reciprocal relation, Eq. (6), which is the key element of dif-
ference between the two models for isotropic multimodulus
materials. An appropriate engineering approximation might
be to use' the average of the two different cross-compliance
values in the Ambartsumyan model. The WCM model is
regarded as more accurate since it is more representative of
real material behavior.

The schematic variation of $74 for both models is shown in
Fig. 8 as a function of the principal stress state. The ap-
proximate Ambartsumyan model is a circle of radius
(w./E.+v,/E,) /2. The WCM model is a circle of radius v,/ E,
in the all-tension quadrant, a circle of radius »./E, in the all-
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~ WEIGHTED COMPLIANCE
MATRIX MODEL

Fig. 8 Comparison of
S§P4 for Ambartsumyan
and weighted com-
pliance matrix models. Y

compression quadrant, and the usual transition shape in the
other two quadrants. The two models conicide only for the
two pure shear stress states. The discrepancies are con-
siderable for all other stress states and are largest for all-
tension and all-compression stresses.

The effect of the different cross-compliances used in the
two models is best assessed by comparing the resulting strains.
Consider the simple strain-stress relations of Eq. (11), and
subject the body to various principal stress ratios 0,,/0,. From
Fig. 8, the largest difference between the two cross-
compliance approaches occurs in states of uniaxial stress.
Thus, consider a state of stress 0, =0 and ¢, =0. The strain-
stress relations simplify to

€, =800, €,=S8o0, (25)

Thus, the only difference between the two models is the
predicted value of e, which is directly proportional to Sf4. Ac-
cordingly, we need only examine the average value of $¥¢ and
the weighted value, which in this stress state is S;,,, to com-
pare the two models.

Accurate, properly determined mechanical properties for
multimodulus materials are scarce. Moreover, the
multimodulus effect generally occurs in transversely isotropic
or orthotropic materials instead of in simpler isotropic
materials. However, in the simple uniaxial stress state of this
example, the orthotropy is immaterial. Thus, we examine
ATJ-S graphite, a transversely isotropic particulate composite
material, under uniaxial load. First, we apply the load in the r
direction and then in the z direction of a r-6-z coordinate
system where the r-0 plane is the plane of isotropy of the cylin-
drical billet. Jortner ?° obtained the properties

E, =1.72x10°psi, E,=1.37% 10°psi, v,5,=0.10,v 4,=0.16
E,.=1.52%10°psi, E..=1.15X 10°psi, .5, = 0.09, v 5. = 0.10

For load in the r direction, §,,=0.10/(1.72 x10¢
psi)=0.0581/10% psi, and $,,,=0.09/(1.52%10°
psi)=0.0592/10% psi, whereupon S, =0.05865/10% psi.
Thus, the error in using the Ambartsumyan model is —
0.95%. For load in the z-direction, S,;=0.16/(1.37x10°¢
psi)=0.117/10% psi and S,,,=0.10/(1.15x10°
psi) =0.0870/10°% psi, whereupon S,;,=0.102/10¢ psi.
Finally, the error in using the Ambartsumyan model is
+12.8%. The latter error is clearly unacceptable in most
design analyses for ATJ-S graphite applications. The
predicted strains with the Ambartsumyan model obviously
would be even larger for materials with larger differences
betweenv,/E, and v ./E..

Concluding Remarks

Composite materials are receiving increasing attention in
structural applications because of important potential weight
savings. An important characteristic of many composite
materials is that they exhibit different moduli or stiffnesses
under tensile loading than under compressive loading. In the
present paper, mathematical models in the form of stress-
strain relations, or constitutive relations, are discussed for
materials that have different moduli in tension and com-
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pression. Criteria for consistent material models are given
which are based on the principles of anisotropic elasticity and
the known behavior of materials with different moduli in ten-
sion and compression. The Ambartsumyan material model is
shown to violate some of the criteria. An improved model,
called the weighted compliance matrix material model, is
suggested which satisfies the criteria. The new model is
described for isotropic and orthotropic bodies under plane
stress, but can easily be extended to more complicated
situations such as anisotropic bodies under general stress
states.

Isotropic materials with different moduli in tension and
compression are shown to behave like ordinary orthotropic
materials. Moreover, orthotropic materials with different
moduli in tension and compression have the characteristics of
ordinary anisotropic materials.

An inherent feature of the model, whether Am-
bartsumyan’s or the author’s, is that the stress-strain curve is
discontinuous at the origin. There, the compliances are in-
determinate, but, in a practical situation, either the tension or
the compression property would be chosen. For example, at
the discontinuity, the lowest modulus (highest compliance)
might be chosen. Thus, a prejudice is built into the material
model. The discontinuity is evidenced further by the shell
buckling resuits of Jones!? using the Ambartsumyan material
model. Because of the discontinuity, the buckling load
changes abruptly upon passage from a biaxial loading in-
volving axial compression and lateral pressure to one in-
volving axial tension and lateral pressure. Such an abrupt
change in buckling load would not be expected for a stress-
strain curve that is continuous at the origin, e.g., the curve
labeled ‘‘actual behavior’ in Fig. 2. However, the present
discontinuous stress-strain curve is the first-order (linear) ap-
proximation of the actual nonlinear stress-strain curve,

Definitive experiments have not been performed for
materials with different moduli in tension and compression.
Simple biaxial mixed tension and compression experiments
should be performed on granular composite materials and
unidirectionally fiber-reinforced materials, as well as on the
more complex multidirectionally woven composite materials
(for which, because of their high cost, guidance for ex-
periments by use of analysis results is essential). These ex-
periments are necessary to quantify the concepts discussed in
this paper. In particular, the form of the weighting factors
used in the improved material model is a somewhat open
question. However, the concepts advanced in the present
paper should serve as a guide to how to design and conduct ex-
periments. In addition, the model is used in a series of stress
analysis and shell buckling papers. 2%
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It is generally the objective of the designer of a moving vehicle to reduce the base drag—that is, to raise the base pressure to a
value as close as possible to the freestream pressure. The most direct and obvious method of achieving this is to shape the body
appropriately—for example, through boattailing or by introducing attachments. However, it is not feasible in all cases to
make such geometrical changes, and then one may consider the possibility of injecting a fluid into the base region to raise the
base pressure. This book is especially devoted to a study of the various aspects of base flow control through injection and
combustion in the base region.

The determination of an optimal scheme of injection and combustion for reducing base drag requires an examination of the
total flowfield, including the effects of Reynolds number and Mach number, and requires also a knowledge of the burning
characteristics of the fuels that may be used for this purpose. The location of injection is also an important parameter,
especially when there is combustion. There is engineering interest both in injection through the base and injection upstream of
the base corner. Combustion upstream of the base corner is commonly referred to as external combustion. This book deals
with both base and external combustion under small and large injection conditions.

The problem of base pressure control through the use of a properly placed combustion source requires background
knowledge of both the fluid mechanics of wakes and base flows and the combustion characteristics of high-energy fuels such
as powdered metals. The first paper in this volume is an extensive review of the fluid-mechanical literature on wakes and base
flows, which may serve as a guide to the reader in his study of this aspect of the base pressure control problem.
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